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Strain Energy 



Introduction 

 In mechanics, Energy is defined as the capacity to do work, 
and work is the product of the force and the distance it 
moves along its direction. 

 In solid deformable bodies, the stresses multiplied by the 
respective areas are the forces and the deformation are the 
distances. 

 The product of the force and deformations is the internal 
work done in a body by externally applied forces. 

 The internal work done is stored in the body as the internal 
elastic energy of deformation or the elastic strain energy. 
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Conservation of energy, work and strain 
 Conservation of energy is one of the basic law of 

physics and in a closed system consisting of a structure 
and the applied force must obeys this law. 

    W = Es + El  

    W = Work Performed 

    Es = Energy stored in the body 

    El = Energy loss 
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 Now in a structure, work is performed by the external load 
moving through a distance and the energy is stored due to 
elastic deformation of the members.  

 If the structure is static there is no kinetic energy in the 
system with no energy loss due to heat, permanent set etc. 
The equation reduces to 

   W = Es  

   Es = Elastic strain energy also denoted by “U”  

   Hence for  a conservational structural system  

   W = U  

   Strain energy/unit volume = u = 1/2×σ×ɛ 

   Total Strain energy = U = ½ ʃ σ×ɛ×dv 

   where, σ = stress, ɛ = strain  
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Real work and Complimentary work 
  Work = Force × Displacement 

 The work done as the force F moves through a distance d∆ 

    ∆W = F × d∆ 

    Total work done = W = ʃ F × d∆ 

 If force “F” is three dimensional with components Fx, Fy and Fz 

    Total work done W = ʃ Fx × d∆x + ʃ Fy × d∆y + ʃ Fz × d∆z 

    This work is known as Real work as shown in Fig. 1. 
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   Complimentary work:  

   ∆Wc = ∆ × dF 

    Total Complimentary work, Wc = ʃ∆ × dF as in Fig. 2. 
 It is the area above the load deflection curve. 

 In linear elastic analysis, load – deflection curve is linear as shown in Fig. 3. 

    Real work = Complimentary work  

    W = Wc = ½ F × ∆ 
    Area below the graph = Area above the graph 
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 Axial loaded members 

 Members under Bending moment 

 Members under torsional moment on a circular cross 
section 

 Members under shear force on a rectangular section 
 

 



 Axial loaded members: 
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F = External force or load, A = Area of a bar, L = Length of a bar 
E = Modulus of elasticity 

L 

F 



• Members under Bending moment: 
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From the pure bending, we know M/I = σ/y = E/R 
where. M = Bending moment, I = moment of inertia, σ = Bending stress, y = most distant 
point from the neutral axis, E = modulus of elasticity, R = Radius of curvature 



• Members under torsional moment on a circular cross section: 
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U = ½ ʃ shear stress × shear strain × volume 
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• Members under shear force on a rectangular section: 
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V = shear force, I = moment of inertia, b = width of the section, G = 
shear modulus 
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Deflection by Strain Energy Method 
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 This is also known as real work methods since work done by actual 
loads are considered. 

 From the law of conservation of energy,  

    Strain energy = Real work done by loads 

 

 

 

This method is used for finding deflection in structure only under        
the following situations: 

 The structure is subjected to a single concentrated load. 

 Deflection required is at the loaded point and is in the direction of 
load. 
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Deflection by Strain Energy 

Method 



Deflection by Strain Energy Method 

 This Method is also called ‘Real Work Method’. 
 Since, work done by the actual loads are considered. 
 From the law of conservation of energy, 
     Strain Energy (U) = Real work done by loads 
 

 
 
 This equation can be used to find out the deflection in beams and 

frames subjected to bending stresses. 
Strain energy method can be used for finding deflection under the  
following situations: 
 The structure is subjected to a concentrated load. 
 Deflection required is at the loaded point and is in the direction of 

load. 
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Q1. Using strain energy method determine the deflection of the free end of a 
cantilever of length ‘L’ subjected to a concentrated load ‘P’ at the free end. 
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Q2. Using strain energy method determine the deflection under 60 kN load in 
the beam shown in Figure. 

A B C 

GCEK, Bhawanipatna 4 



GCEK, Bhawanipatna 5 



Q3. Using strain energy method determine the vertical deflection of point ‘C’ 
in the frame shown in Figure. E = 200 kN/mm2 and I = 30 × 106 mm4. 

 The details of bending moment expressions for various portion of the 
structure is calculated individually for member BC than for member AB, 
and given data in Tabular form: 
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Equating work done to strain energy, we get 

Note: As the bending moment 
is given in kN and metres,  EI 
should be used as kNm2. 

i.e. 1 kNmm2 = 1× 10-6 kNm2 
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Q4. Using strain energy method determine the horizontal deflection of the roller 
end ‘D’ of the portal frame shown in Figure. EI = 8000 kNm2 throughout. 

 The details of bending moment expressions for various portion of the 
structure is calculated individually for member CD, BC than for member 
AB, and given data in Tabular form: 
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Law of Maxwell’s Reciprocal 

Theorem 



Law of Reciprocal deflections or Maxwell’s 

Reciprocal Theorem: 

 In any beam or truss the deflection at any point ‘D’ due to a load 
‘W’ at any other point ‘C’ is the same as the deflection at ‘C’ due 
to the same load ‘W’ applied at ‘D’. 
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 Figure 1 shows a structure AB carrying a load ‘W’ applied at any 
other point ‘C’. 

    Let the deflection at ‘C’ = ∆c 

    Let the deflection at any other point =  ∆d 

 
 Figure 2 shows a same structure AB carrying the same load ‘W’ at 

‘D’. 
    Let the deflection at ‘C’ = δc 

    Let the deflection at ‘D’ = δd 

 
 Let the structure loaded as shown in Figure 1. 
     
    Work done on the structure = ½ W ∆c 

 
 As the structure is loaded with a load ‘W’ at ‘C’, let another equal 

load ‘W’ be applied at ‘D’ . There will be further deflection δc and 
δd at ‘C’ and ‘D’ as shown in Figure 3. 
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      Total work done at this stage = ½ W ∆c + ½ W δd + W δc---------1 
 

 Let now the order of loading be changed. Let the structure be first loaded as shown in Figure 
2 with load ‘W’ at ‘D’, for this condition 
 

     Work done on the structure = ½ W δd  
 

 As the structure is loaded with load ‘W’ at ‘D’, let an equal load ‘W’ be applied at ‘C’ . 
Further deflections ∆c and ∆d occurs at ‘C’ and ‘D’ respectively as shown in Figure 4. 
 

       Total work done at this stage = ½ W δd + ½ W ∆c + W ∆d ---------2 
 

 Equating the two expressions  1 and 2 obtained for the total work done when both loads are 
present on the structure 

     ½ W ∆c + ½ W δd + W δc = ½ W δd + ½ W ∆c + W ∆d  

      W δc = W ∆d 

 

     δc = ∆d 
 

 The deflection at ‘C’ due to load ‘W’ at ‘D’ = Deflection at ‘D’ due to load ‘W’ at 
‘C’ 
 

 

      

GCEK, Bhawanipatna 4 



Proof of Maxwell’s Reciprocal theorem 
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Betti’s Theorem 



Statement of Betti’s Law: 

This theorem states that in an elastic structure with unyielding 
supports and at constant temperature, the work done on a given 
structure by a system of 1st loading on the corresponding 
displacements of the 2nd loading is equal to the work done by 2nd 
loading on the displacements of the 1st loading. 

1st loading 2nd loading 
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After simplification it is obtained as: 
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Castigliano’s Theorem 



Castigliano’s First theorem 

 The first theorem of Castigliano states that the partial 
derivative of the total strain energy in any structure with 
respect to applied force or moment gives the displacement 
or rotation respectively at the point of application of the 
force or moment in the direction of the applied force or 
moment. 
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Proof of the First Theorem 
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Castigliano’s Second Theorem 
 The second theorem of castigliano states that the work done by 

external forces in a structure will be minimum. 
 
 The Theorem is very much useful in analysis of statically 

indeterminate structures. 
 
    Let W = Work done by external forces on a structure 
          U = Strain energy stored in the structure 
          W1 = Work done by reactive forces 
 
    Strain Energy = U = W + W1 

                              W = U – W1 

By Castigliano’s 2nd theorem ‘W’ should be minimum.  
Thus the partial derivative of the work done with respect to external 
forces will be zero. 
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 In case the supports are unyielding, the work done by 
reactive forces will be zero. 

 

 Strain energy stored is equal to the work done by external 
forces will be minimum. 

 

 Thus the partial derivative of strain energy with respect to 
redundant reaction will be zero. 

 

 Castigliano’s First theorem helps in determining deflection 
of a structure and the Second theorem helps in determining 
redundant reaction components. 
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Law of Conservation of Energy 
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Deflection by Castigliano’s 

Method 



Deflection by Castigliano’s Method: 

   Castigliano’s theorem may be represented by 
 
 
 
 

 
 
 If a load is acting at a point and is in the desired direction, the general 

expression for bending moment to cover the entire structure  is to be find out. 
 The strain energy for the entire structure is differentiated with respect to load 

(P = Load or M = Moment) to get the desired deflection. 
 If the load is not acting, a dummy load (P or M) is applied and then the 

bending moment expressions is to be find out. 
 If dummy load is used, First differentiate w.r.t the dummy load, then substitute 

dummy load as zero and then integrate w.r.t ‘x’ . 
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Q1. A simply supported beam of span ‘L’, carries a concentrated load ‘P’ at a 
distance ‘a’ from the left hand side as shown in Figure. Using Castigliano’s 
theorem determine the deflection under the load. Assume uniform flexural rigidity. 

 
 Reaction at A, 

 
 Reaction at B,  

 
 Find out the expression for moment in a Tabular form for portion BC and then 

AC. 

First determine the reaction by taking moment from any one support, 
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The strain energy of the Beam =  
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Q2. Determine the vertical deflection at the free end and rotation at ‘A’ in 
the over hanging beam shown in Figure. Use Castigliano’s theorem. 
Assume uniform flexural rigidity. 

 Taking force P = 3 kN and moment about A, 

Deflection at ‘C’ = ∆c 
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Bending moment expression for over hanging beam for portion 
AB and BC is noted in the Tabular form. 
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Rotation at A = θA 

 Apply dummy moment, ‘M’ at A as shown in Figure 
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Since, ‘M’ is a dummy moment, its value is substituted as zero, and then 
integrated 

Note: First differentiate 
w.r.t the dummy load, 
then substitute dummy 
load as zero and then 
integrate w.r.t ‘x’. 
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Q2. Determine the vertical and 
horizontal deflection at the free end 
‘D’ in the frame shown in Figure. 
Use Castigliano’s theorem. Take EI = 
12× 1013 Nmm2. 

Figure 1: Frame with dummy vertical 
load ‘P’ at ‘D’ Figure 2: Frame with dummy horizontal 

load ‘Q’ at ‘D’ GCEK, Bhawanipatna 11 



 Since, there is no load at ‘D’ in vertical direction, a dummy load ‘P’ is 
applied at ‘D’ in vertical direction in addition to given loads as shown in 
Figure 1. The moment expressions are presented in a tabular form. 

Vertical Deflection: 
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Horizontal Deflection: 

 Since, there is no load at ‘D’ in horizontal direction, a dummy load ‘Q’ is 
applied at ‘D’ in horizontal direction in addition to given loads as shown in 
Figure 2. The moment expressions are presented in a tabular form. 
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Q2. A cantilever beam is in the form of a 
quarter of a circle in the vertical plane and is 
subjected to a vertical load ‘P’ at its free end 
as shown in Figure. Find the vertical and 
horizontal deflections at the free end.  Use 
Castigliano’s theorem. Assume uniform 
flexural rigidity. 

 Consider the section at ‘x’ as shown 
in Figure 1. The Bending moment 
at the section ‘x’ is 

Vertical Deflection of free end: 
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Strain energy in the elemental length  ‘R dθ’ is 

Figure 1: Cantilever curved beam 
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Horizontal Deflection: 

Since, there is no horizontal force at the free end, apply a dummy horizontal 
force ‘Q’, as shown in Figure 2. 

Figure 2: Cantilever curved beam 
with dummy load ‘Q’ at the free end 

The bending moment at section ‘x’ is 

Strain Energy (U ) = 

Horizontal Displacement = ∆H 
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Virtual Work Method 



Introduction 

 Virtual work methods are the most direct methods for 
calculating deflections in statically determinate and 
indeterminate structures. This principle can be applied to both 
linear and nonlinear structures. The principle of virtual work as 
applied to deformable structure is an extension of the virtual 
work for rigid bodies. 

  

 This may be stated as: if a rigid body is in equilibrium under the 
action of a F- system of forces and if it continues to remain in 
equilibrium if the body is given a small (virtual) displacement, 
then the virtual work done by the F-system of forces as ‘it rides’ 
along these virtual displacements is zero.  
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Principle of Virtual Work 

 When a real force ‘F’ under goes a real displacement ‘∆’, then the product 
F∆ is called Real Work. 

 Suppose, the force or the displacement is virtual or imaginary, we denote the 
virtual force as ‘Q’ and the virtual displacement as ‘δ’. 

 The product Q∆ or Fδ is called Virtual Work in which F, ∆ are real and Q, δ 
are virtual. 

 The virtual forces or displacements may be finite or infinitesimal. 

 As per the principle of virtual work, the total virtual work done by a set of 
forces is undergoing a set of displacements is zero provided the following 
conditions are satisfied. 

 Any one of the parameter, i.e. a set of forces or a set of displacements is 
virtual. 

 Whether the set of forces is real or virtual, it must satisfy the equilibrium 
conditions. Similarly, the set of displacements must be compatible with the 
prescribed boundary conditions.   
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    There are two versions of principle of virtual work. 

 Principle of virtual forces 

 Principle of virtual displacements 

Principle of  virtual forces: 
The principle of virtual forces states that the total work done by a set of  virtual 
forces both external and internal in under going a set of real displacements  is 
zero, provided that the set of virtual forces is in equilibrium and the set of real 
displacements  is  compatible with the given boundary conditions.  
The principle of virtual forces may be written as: 
 
                                   WQ = ∑ ʃ Q d∆ - ∑Qi dδ = 0 
                                   WQ = ∑ Q ∆ - ∑Qi δ = 0 
                                         ∑ Q ∆   =  ∑Qi δ 
 
                                  Where, WQ = Total virtual work done 
                                               Q = Applied external virtual force 
                                               Qi = Induced internal virtual force 
                                               ∆ = External deformation 
                                                δ = Internal deformation 
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 The principle states that the virtual work done by a set of real forces in under 
going a set of virtual displacements is zero provided that a set of real forces is 
in equilibrium and the virtual displacement is compatible with the given 
restraints. 

 The Principle of virtual displacement may be written as: 

 

                        WQ = ∑ Fe δ - ∑ Fi δi = 0 

                       or       ∑ Fe δ  = ∑ Fi δi  
 

Where, Fe = Real external forces 

             Fi = Real internal stresses 

             δ = Virtual external displacements 

             δi = Virtual internal deformation 

Principle of virtual displacements: 
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Unit Load Method 



Proof of Unit Load Method 
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Application of Unit Load Method to Beam Deflection 
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Deflection by Unit Load 

Method 



Deflection by Unit Load Method 

 This method is applicable to beam and rigid frame 
where only flexural effect is considered. 

 In the analysis, the effect of axial force and shear forces 
are neglected. 

 The deflection at any point can be find out by: 
                            ∆ 

Where, M = Bending moment at the section due to the external forces 
             m = Bending moment at the section due to unit loading 
             E = Modulus of Elasticity 
              I = Moment of Inertia of the section 
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Q1. Determine the deflection at the free end of the over hanging beam shown 
in Figure by unit load method. 

Figure 1: Beam with unit load at ‘C’ 
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 Find out the reactions due to external forces, taking moment about A  
 
 
 
 

 
 
 Find out the reactions, when unit load acting at ‘C’ 

 
 
 
 

 

 Taking sagging moment as positive and hogging moment as 
negative, find out the expressions for moments in various 
portions of the beam due to external loading and unit force 
where the deflection is to be determined in a Tabular form. 
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Q2. Determine the deflection and rotation at the free end of the cantilever 
beam shown in Figure by unit load method. Given E = 200000 N/mm2 and 
I = 12 × 106 mm4 

 Find out the deflection and rotation at the free end of the cantilever beam, 
apply unit load for deflection and unit moment for rotation at the free end of 
the beam as shown in Figure. 

Figure 1: Beam with unit vertical load at ‘C’ 
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 The bending moment expressions can be calculated by  

 M for external given load, m1 for unit vertical load at ‘C’ and m2 for unit 
moment at ‘C’ for various portion of cantilever beam and tabulated below. 

 

Figure 2: Beam with unit moment at ‘C’ 
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Vertical deflection at ‘C’ = 
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Rotation at ‘C’ = 
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Q3. Determine the vertical and horizontal 
deflection at the free end of the bent 
shown in Figure by unit load method. 
Assume uniform flexural rigidity EI 
throughout.  

Figure 1: Frame with  unit vertical load at ‘E’ 

Figure 2: Frame with unit horizontal load at ‘E’ GCEK, Bhawanipatna 10 



 Find out the expressions in Tabular form for moment ‘M’ due to 
external loads, m1 due to the unit vertical load present at the free 
end (Figure 1) and m2 due to the unit horizontal load present at the 
free end (Figure 2) of the bent. 

Note: Moment carrying tension on dotted side is taken as positive  
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Vertical deflection at ‘E’ = ∆EV 
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Horizontal Deflection at ‘E’ = ∆EH 
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Q4. Determine the vertical 
deflections at A and C in the frame 
shown in Figure by unit load 
method. Take E = 200 GPa, I = 
150 × 104 mm4. 

Figure 1: Frame with unit vertical lod at ‘A’ 

Figure 2: Frame with unit vertical load at ‘C’ GCEK, Bhawanipatna 14 



 The bending moment expressions for ‘M’ due to given load, m1 due to unit 
vertical load at A and m2 due to unit vertical load at C are Tabulated below. 

Vertical deflection at A = ∆A 
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