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. | ntroduction

* |n mechanics, Energy is defined as the capacity to do work,
and work Is the product of the force and the distance it
moves along its direction.

e In solid deformable bodies, the stresses multiplied by the
respective areas are the forces and the deformation are the
distances.

e The product of the force and deformations is the internal
work done in abody by externally applied forces.

* The internal work done is stored in the body as the internal
elastic energy of deformation or the elastic strain energy.
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Conservation of energy, work and strain

e Conservation of energy is one of the basic law of
physics and in a closed system consisting of a structure
and the applied force must obeys this law.

W=E+FE

W = Work Performed

E. = Energy stored in the body
E, = Energy loss
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 Now In a structure, work is performed by the external |oad
moving through a distance and the energy is stored due to
elastic deformation of the members.

e |f the structure Is static there is no Kkinetic energy in the
system with no energy loss due to heat, permanent set etc.
The eguation reducesto

W = E{

E. = Elastic strain energy also denoted by “U”
Hence for aconservational structural system
W=U

Strain energy/unit volume = u = 1/2xox¢
Total Strain energy = U = % [[oxexdv

where, o = stress, € = strain
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" Real work and Complimentary work

e Work = Force x Displacement

e Thework done as the force F moves through a distance dA
AW = F x dA
Total work done=W = [F x dA

* |f force “F” isthree dimensional with components F,, F, and F,
Total work doneW = [ F, x dA, + ['F, x dA, + ['F, x dA,

Thiswork isknown as Real work as shown in Fig. 1.
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e
Complimentary work:
AW, = A x dF
Total Complimentary work, W_= JA x dF asin Fig. 2.
 Itisthe areaabove the load deflection curve.

e Inlinear elastic analysis, load — deflection curveislinear as shownin Fig. 3.
Real work = Complimentary work

W=W_=%FxA
Areabelow the graph = Area above the graph

e ~ — W = J A AF
|/
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Expression of strain energy for linear elastic members

» Axial loaded members
e Members under Bending moment

e Members under torsional moment on a circular cross
section

* Members under shear force on arectangular section
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e Axia loaded members:
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e

F = External force or load, A = Area of abar, L = Length of a bar

E = Modulus of elasticity
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/"« Members under Bending moment:

From the pure bending, we know M/l = 6/y = E/R
where. M = Bending moment, | = moment of inertia, c = Bending stress, y = most distant
point from the neutral axis, E = modulus of elasticity, R = Radius of curvature

: 1 . .
Strain energy = work done = - moment X angle turned through (in radians)
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e

« Members under torsional moment on acircular cross section:

Strain energy = work done = %T do

U =% [ shear stress x shear strain x volume

(r' = L'.Z1‘)Ll)t\-/ SRS N S

Ty = Stean Shoy
7‘M R Anmen I 1 %
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 Members under shear force on arectangular section:

V = shear force, | = moment of inertia, b = width of the section, G =
shear modulus
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- Deflection by Strain Energy Method

® This is also known as real work methods since work done by actual
loads are considered.

® From the law of conservation of energy,

Strain energy = Real work done by loads

SR

|
ﬂ 5 D

This method is used for finding deflection in structure only under
the following situations:

® The structure is subjected to a single concentrated load.

® Deflection required is at the loaded point and is in the direction of

load.
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" Deflection by Strain Energy Method

ThisMethod is aso called ‘Real Work Method’.
Since, work done by the actual |oads are considered.
From the law of conservation of energy,

Strain Energy (U) = Real work done by loads

U= i%m
0

e This equation can be used to find out the deflection in beams and
frames subjected to bending stresses.

Strain energy method can be used for finding deflection under the
following situations:

e The structure is subjected to a concentrated |oad.

» Deflection required is at the loaded point and is in the direction of
load.
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Q1. Using strain energy method determine the deflection of the free end of a
cantilever of length ‘L’ subiected to a concentrated load ‘P’ at the free end.
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Solution The bending moment at a distance x from the free end is,

M= Px
t M2
Strain Encrgy (S.E.) = Ix
gy (S.E.) {21-:1“
L 9 9
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Work done by the load = %PA, where A is the deflection at the free end.

Therefore, from conservation of cnergy,
S.E.= Work done by external loads

—— = _PA
6E] 2
_ P
3EI

Q2. Using strain energy method determine the deflection under 60 kN load in
the beam shown in Figure.

60 kN

&D
r
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I am . 4m -
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: Ru
k GCEK, Bhawanipatna - .




e

° GCEK, Bhawanipatna A
N, El

Solution Reaction Ry = Ry = 30 kN

: at a distance x from B
Therefore, bending moment at any distance X from A orat a d

= 30x kN
4 2 4 2
30x
SE = IBOX) dx+‘[—-——“‘( ) dx
' 2EI 2x2El
0 0
3 9007 ,
= x— | x
U E

U= |3| . m 3
- 14400
’ El

Work done by the load:

Wg = 2l)(Pz;.\=—;-><60><A

Equating strain energy of the beam to the work done by load; we get,

15900 w Laekiiiod
El 2
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Q3. Using strain energy method determine the vertical deflection of point ‘C’
in the frame shown in Fiaure. E = 200 KN/mm? and | = 30 x 10° mm*.

1 kN
: 4
@ G
4m @
A
TRULSES
—3 m\.|

e The details of bending moment expressions for various portion of the
structure is calculated individually for member BC than for member AB,
and aiven datain Tabular form:

Portion Origin Limit Expression
BC (4 0-3 {x =X
AB B S 0-4 | 3
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Note: As the bending moment
Is given in KN and metres, El
should be used as kKNm?2,

i.e. 1 KNmm? = 1x 10 kNm?

Equating work doneto strain energy, weget A _ 13.5

T
LR

El = 200 x 30 x 10° x 106 = 6000 kNm?

X anmtl .
6000

= 0.045m=4.5mm




4 N

Q4. Using strain energy method determine the horizontal deflection of the roller
end ‘D’ of the portal frame shown in Figure. EI = 8000 kKNm? throughoui.

B C‘]>
4m
A D 5 kN

e The details of bending moment expressions for various portion of the
structure is calculated individually for member CD, BC than for member
AB, and given datain Tabular form:

- Portion CD BC AB
Ongin D C B
Limit 0 —4 0-3 0 -4
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'4(5r) (20) 1(20 —5x)?
S.E" clx-l-.[ ~5x) dv
2-’51 2E1
4 e
| | 25x° | x>  25x
" | 400 x ~ 2007 4 ==
2151[ 3 ]+21;1 4()()rL'+ I[ x=200-—-+—2 ]0
266.6 4
_ 266 )7+600+ ] |600-|()00 25><6]
El  EI 2EI|
_ 1133.33
EI

Work done = %xP XA =-|2-><5A=2.5A

Equating S.E. to work done, we get, 2 A = 1133.33
El

A= 453.33 =453'33=0.0567m
8000

El
= 56.7mm
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Law of Reciprocal deflections or Maxwell’s
Reciprocal Theorem:

e |In any beam or truss the deflection at any point ‘D’ due to aload
‘W’ at any other point ‘C’ is the same as the deflection at ‘C’ due
to the sameload ‘W’ applied at ‘D’.

W
D .
C : -
k AW a ! 1\&
w ™ W
p el -y "
Aep Ad -
-Ya ' §




(e

Figure 1 shows a structure AB carrying a load ‘W’ applied at any
other point ‘C’.

Let the deflection at ‘C’ = A,
Let the deflection at any other point = A

e Figure 2 shows a same structure AB carrying the same load ‘W’ at
‘D’.
Let the deflection at ‘C’ = 9,
Let the deflection at ‘D’ = 94

e Let the structure loaded as shown in Figure 1.
Work done on the structure = /2 W A,

e As the structure 1s loaded with a load ‘W’ at ‘C’, let another equal
load ‘W’ be applied at ‘D’ . There will be further deflection o, and
oq4at ‘C’ and ‘D’ as shown in Figure 3.
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Total work done at this stage =2 W A+ 2 W &4 + W 6 --------- 1

» Let now the order of loading be changed. L et the structure be first loaded as shown in Figure
2 with load ‘W’ at ‘D’, for this condition

Work done on the structure = Y2 W §

e As the structure is loaded with load ‘W’ at ‘D’, let an equal load ‘W’ be applied at ‘C’.
Further deflections A and Ajoccurs at ‘C’ and ‘D’ respectively as shown in Figure 4.

Total work done at this stage = %2 W 64+ Y2W A, + W A, --------- 2

e Equating the two expressions 1 and 2 obtained for the total work done when both loads are
present on the structure

oW A+ YW 8+ W 5, = YW 84+ 5 W A+ W A,
W s, =W A,

0. = Ay

e The deflection at ‘C’ due to load ‘W’ at ‘D’ = Deflection at ‘D’ due to load ‘W’ at
‘C’
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Proof of Maxwell’s Reciprocal theorem
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Statement of Betti’s Law:

This theorem states that in an eastic structure with unyielding
supports and at constant temperature, the work done on a given
structure by a system of 1 loading on the corresponding
displacements of the 2" loading is equal to the work done by 2™
loading on the displacements of the 1% loading.

7 A , ;
1% loading 2" [oading
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Castigliano’s First theorem

e The first theorem of Castigliano states that the partial
derivative of the total strain energy in any structure with
respect to applied force or moment gives the displacement
or rotation respectively at the point of application of the
force or moment in the direction of the applied force or

moment.
MJ = A‘ M v P
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" Proof of the First Theorem
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Castigliano’s Second Theorem

* The second theorem of castigliano states that the work done by
external forcesin astructure will be minimum.

e The Theorem is very much useful in analysis of statically
Indeterminate structures.

Let W = Work done by external forces on a structure
U = Strain energy stored in the structure
W, = Work done by reactive forces

Strain Energy =U =W + W,
W=U-W,
By Castigliano’s 2" theorem ‘W’ should be minimum.

Thus the partial derivative of the work done with respect to external
forces will be zero.
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e In case the supports are unyielding, the work done by
reactive forces will be zero.

e Strain energy stored is eqgual to the work done by external
forces will be minimum.

e Thus the partial derivative of strain energy with respect to
redundant reaction will be zero.

e Castigliano’s First theorem helps in determining deflection
of a structure and the Second theorem helps in determining
redundant reaction components.
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Law of Conservation of Energy
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Deflection by Castigliano’s Method:

Castigliano’s theorem may be represented by

d
k- AU

2 N
-t MR
"~ o =8 U !251“‘

where U = total strain energy
P;, M; — loads
A, 6; — deflections.

e If aload is acting a a point and is in the desired direction, the generd
expression for bending moment to cover the entire structure isto be find out.

» The strain energy for the entire structure is differentiated with respect to load
(P = Load or M = Moment) to get the desired deflection.

e If the load is not acting, a dummy load (P or M) is applied and then the
bending moment expressionsis to be find out.

e If dummy load is used, First differentiate w.r.t the dummy load, then substitute
dummy load as zero and then integrate w.r.t ‘x’ .
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4 Q1. A simply supported beam of span ‘L’, carries a concentrated load ‘P’ a a\
distance ‘a’ from the left hand side as shown in Figure. Using Castigliano’s
theorem determine the deflection under the load. Assume uniform flexural rigidity.

|
A 1‘ ) < :r/f
e

= /._. -

/(1\ /\' 14
First determine the reaction by taking moment from any one support,

. Pb
e Reaction at A, R,."".= —L-"

* ReactionatB, R, = Pa

» Find out the expression for moment in a Tabular form for portion BC and then

AC.
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Portion AC | CB
Origin y | P
Limit : 0« O-h
M il X Pa %
L L
Flexural Rigidity El EJ
L ')
The strain energy of theBeam= [/ = I s (X
2El
¢ 2

“( Pb | Pbh
U= (-——x) X——dx + —_—X x_l_dx
! L 2E1 I ' 2EI
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Q2. Determine the vertical deflection at the free end and rotation at ‘A’ in
the over hanging beam shown in Figure. Use Castigliano’s theorem.
Assume uniform flexural rigidity.

3 kN
A
A - ¢B C
? 6 m 2m—">
REN ‘ '
Deflection at ‘C’ = A_
e Taking force P= 3 kN and moment about A,
RB X6=Px8 }1
RB= ﬂ’-I)'T
P11 F,
3 '3-P

P
° GCEK, Bhawanipatna RA = -3- \L
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4 Bending moment expression for over hanging beam for portion h
AB and BC is noted in the Tabular form.

Portion AB BC
Origin A C
Limit 0-6 ‘ 0-2

M = X — Px
3
Flexural Rigidity El EI
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Ac =

4p?
EI

P [2] [P
18ET| 3 6E]

ax+
2ET

0

4 Pp?

3 EI

5.333P2

EI

dU:

10.667P

dP

EIl

Substituting P = 3 kN, we get

Ac= 2
EI

]f,




Rotationat A =0,
e Apply dummy moment, ‘M’ at A as shown in Figure

13 kN
Me—_ B C
4 A
Ry
M/6 -1
6 m ﬂl" 2 m—-l
Y My =0, gives
I M-6_M _
4= s 6
Portion AB BC
Origin A C
Limit 0-6 0-2
MoV
M 5 X'~ 1¥ —3x
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6 2
[ e . (=3x)°
U .[ [( 2 l)x M] : d SES
0 0
§]
d_U = Iz _Ail___ | lx-M _\‘._l)-ﬁ—-{-ﬂ
dM . 4] 6 2E1

Since, ‘M’ is a dummy moment, its value is substituted as zero, and then

integrated
dU

dM
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/ 30 kN/m \

Q2. Determine the vertica and s5oN—prdocosaoana.

: ! ~ B C
horizontal deflection at the free end | T
. . . ) 2
‘D’ in the frame shown in Figure. ) _“L‘“
Use Castigliano’s theorem. Take El = " P
12x 1013 Nmmv.
' A
- T
/—3() KN/m - i .
/ = 30 KN/m
50 kN ———ppsacaona et - i
EB Ci S50 kN —-—b—CTi:h_f-f_-:-ﬁfjf___-__:(.
é D! - o-Hbp
§ ki 4
1 F ]

Figure 1. Frame with dummy vertical
load *P” at *D’ Figure 2: Frame with dummy horizontal
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Vertical Deflection:

e Since, there is no load at ‘D’ in vertical direction, a dummy load ‘P’ is
applied at ‘D’ in vertical direction in addition to given loads as shown in
Figure 1. The moment expressions are presented in a tabular form.

Portion AB BC CD
Onigin B ' 44 D
Limit 0-4 - g 0-4 0-2

M — (4P + 240 + 50x) —(Px + 15x%) 0
Flexural Rigidity El El - Er
: M*
Strain cnergy U = I S dx

2

) J.(-flP+240+50\ “+I P\+|5V)
2E1

dx+ 0

GCEK, Bhawan_ipgtna 5 P

dx

6U=j-2(4l’+24()+ 50.x) 4 (Px+15x?)x

4)dx+)| 2
2E] ()r}[ 2EI

™~




- N
Since, P is dummy load, substitute 2 = ()
4 -4
4(240+50x 3
Au=_[ ( )dx+j15xdx
El EI
0 y
2 s 15(x*) _ 6400
= —[240x4+25¢° | + 2| 2| =
/ 0 EI\ 4 : El
Now, El'=12x 10" Nmm?
= 12 x 10" kNm?
A 6400 ddus
& =0.533 m.
Y 1210’
= 5333 mm
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Horizontal Deflection:

* Since, thereis no load at ‘D’ in horizontal direction, a dummy load ‘Q’ is
applied a ‘D’ in horizontal direction in addition to given loads as shown in
Figure 2. The moment expressions are presented in atabular form.

Portion AB BC CD
Origin B C . D
Limit 0-4 0-4 0-2

M 02 - x) + 240 + 500)] | —(20 + 15x?) Ox
Flexural Rigidity EI : El ET

]‘ 0(2- x)+ 240+50x] +I [(2Q+ 15x° :,2 " +j, 0%x?
’ 0

dU =} 2[0(2-x)+240 +50x](2-—x)dx+4 2[2Q+15x2]2dx+ } 200

) 2E] ) 2 o 2EI

Apy =

@ GCEK, Bhawanipatna




Substituting Q0 = 0

4 Rt
240+50x )(2—- s
AH:J-( +50x )( x)dx+.[30x

@ GCEK, Bhawanipatna

0

480 140x — 50x

El

5

e

| -
= | 4gox—702 22| 4 L
El | 3 | EI
: 373.33
= 2052 2P 00031 m
El  12x10°
= 3.1 mm

dx+0

100]




Q2. A cantilever beam is in the form of a
guarter of acircle in the vertical plane and is
subjected to a vertical load ‘P’ at its free end
as shown in Figure. Find the vertica and
horizontal deflections at the free end. Use
Castigliano’s theorem. Assume uniform
flexural rigidity.

Vertical Deflection of free end:

e Consider the section at ‘x’ as shown
In Figure 1. The Bending moment
at the section ‘x’ IS

M = PR sin 6

@ GCEK, Bhawanipatna
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Strain energy in the elemental length ‘R d0’ is
2 .
{ﬂ- ]R de
2EI ;

P> R*sin’ 0
2EI

Rd©

P’ R " 1-cos26
2EI 2

r"2}:‘2 R? 3 1-cos26
2E1 2

do

do
0

PR [9 B sinze]m
4E] 2

n P2 R’
SEI

0

ANNANNN

Figure 1. Cantilever curved beam

Rt U mPR’
V' dP 4EI
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Horizontal Deflection:

Since, thereis no horizontal force at the free end, apply a dummy horizontal

force ‘Q’, as shown in Figure 2.

The bending moment at section ‘X’ 1s
M= PR sin 6 + QR (1 — cos 0)
Strain Energy (U ) =
2

o- |

0

[ PRsin@+Q R(1-cos6) ]2
2ET

R d6

Horizontal Displacement = A,

Ao U “jZ[PRsin 0+0OR(1 —cosH)]
"o ! EI

@ GCEK, Bhawanipatna

do

N NN NN
Figure 2. Cantilever curved beam

with dummy load ‘Q’ at the free end

[R(1-cos8)]R dO




e

Substituting, Q = 0, in above equation

AH=

i . e L ’ AH
@ GCEK, Bhawanipatna

1 sin©
= ! ][R(l

n/2

PR
l
P37t/2

—cos0)]R d6

(sin®-sin 6 cos 0)d6

SE] towards support -




Thanks
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Dr. Kishor Chandra Panda
Professor and Head
Department of Civil Engineering
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| ntroduction

e Virtual work methods are the most direct methods for
calculating deflections In datically determinate and
Indeterminate structures. This principle can be applied to both
linear and nonlinear structures. The principle of virtual work as
applied to deformable structure is an extension of the virtual
work for rigid bodies.

e Thismay be stated as: if arigid body isin equilibrium under the
action of a F- system of forces and if it continues to remain in
equilibrium if the body is given a small (virtual) displacement,
then the virtual work done by the F-system of forces as ‘it rides’
along these virtual displacementsis zero.

@ GCEK, Bhawanipatna




Principle of Virtual Work

 When areal force ‘F’ under goes a real displacement ‘A’, then the product
FA is called Real Work.

* Suppose, the force or the displacement is virtual or imaginary, we denote the
virtual force as ‘Q’ and the virtual displacement as 5°.

* The product QA or Fb iscalled Virtual Work in which F, A arereal and Q, o
arevirtual.

» Thevirtual forces or displacements may be finite or infinitesimal.

» As per the principle of virtual work, the total virtual work done by a set of
forces is undergoing a set of displacements is zero provided the following
conditions are satisfied.

* Any one of the parameter, i.e. a set of forces or a set of displacements is
virtual.

e Whether the set of forces is rea or virtual, it must satisfy the equilibrium
conditions. Similarly, the set of displacements must be compatible with the
prescribed boundary conditions.
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There are two versions of principle of virtual work.
e Principle of virtual forces
e Principle of virtual displacements

Principleof virtual forces:

The principle of virtual forces states that the total work done by a set of virtual
forces both external and internal in under going a set of real displacements is
zero, provided that the set of virtual forcesis in equilibrium and the set of real
displacements is compatible with the given boundary conditions.

The principle of virtual forces may be written as:

Wo=2JQdA-3>Q;d6=0
Wo=2QA-2Q;0=0
2QA =30Q;6

Where, W, = Total virtual work done
Q =Applied external virtual force
Q; = Induced internal virtual force

COrE B A = External deformation
@ R 5 = Internal deformation Y




™~

Principle of virtual displacements:

* The principle states that the virtual work done by a set of real forces in under
going a set of virtual displacements is zero provided that a set of real forcesis

in equilibrium and the virtual displacement is compatible with the given
restraints.

e The Principle of virtual displacement may be written as:

Wqo=2 F0->Fo =0
oo > F.0 =) Fo,

Where, F, = Real external forces
F, = Real internal stresses
o = Virtual external displacements
ol = Virtual internal deformation
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Dr. Kishor Chandra Panda

Professor and Head

Department of Civil Engineering
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Proof of Unit Load Method
C..c‘nst-\ ol | "‘tkc:._- loc:Js-d . Shewn n "‘\1‘? winie b

S Suajechen)iicng v i, Tiofy py By -
/ A

2 AL} Aqg .- A.h Q.L«—.—»‘ oY PG‘;V\j—

b 8 il
S

@ GCEK, Bhawanipatna . ' Q_‘GD




@ GCEK, Bhawanipatna

ot o

=

St gy #owes] = LG e gy

)
A
Meve 0= Stew

e = S‘h:‘aﬁlr) in Yo, e v

6 wle
7 \‘ ChAne LA A dag - S'\':a.;n C-Y}A}Lm M

Lb‘\"\ +.L PAY f- \
p = I 21—-*"3,'[;3"34 ""'J)-_A.,-,P.-, 75_1-6\.&4‘/
L .

—
. Cﬂn&HD-«‘ “The_ 6W_ b’b—e-La Su.i,?je,(;*ﬂ-‘a‘

andd L) epplied T“A“M? <t
“heay 4 T frew, oL %;‘p'—fﬁmaa

L , . -
il | A ¢'L:§Pl}:.CQA-e~JS et ])1}3- ‘n e

Qe

5 s 82 , %3 5 PO B Yo—)Fe(_:hYOE.Q.

0%01 o ATPplaccent  of Q'EQ‘S\
kot ~hal (v F %,Luc-..a] .i") “‘+ta |
emerd b e e Shein,

be ¢!




Exderinal wekdoa - -‘?:z\xg.

1)+ e wark o
M 5K J"‘);O"eo‘\,

Rl ML -

1 | .
. g Hj el dy ~..__...@>
O, # P e g fey n
opevies) o e B oy pal Q)
(2. wA il ot R
.: 2__ Dy P, LALVL.;'F B, S ‘QL_An.PY) + 1 %A

\ g,‘ yycal . \l»h:\'\" t.l:’l"»‘:.:\ '\Z 0—"36‘ QQM

o : > s, C\C" X& v

5 3 ) i 6 .
AL 3 o RS | < -
B FABAPYMINES S AT P Dl NG T e MBS ) A PANTTIANY WA TR Al W TN TV S TR e ettt et e o 2 o

GCEK, Bhawanipatna




I trestna) v das -
o - f‘tﬁ\-e%v#g@‘cc*v,/

Sin '
i R R Hng oy d

c){)LT‘ el Lo dse - |y\_7\(’,51*\ﬁ-—r %‘Lg"“’\
i : ;
2,._.-&.‘ P\ AF-'\Z_A"LPL + . - -\__\7— A»ne"l A X A
| = J—‘*U‘.er\v+Ja‘§e:{v_
" —T
"\‘K« *—5 P_W_;v\\ﬁn D) ,C,Tcm D

L N = I@Cc\v

——

”\’—\ - Jsr"eoﬁ \ o

GCEK, Bhawanipatna

L




2 efle h=n at  feind "‘ﬂr\QJLL ;
"t L5=o\ TX G—FPLA‘L:{ m»o} i
mw‘u‘&"\ in ‘hua_ &Axedﬂcn J_) T S L&q:

-

@ GCEK, Bhawanipatna




/
Application of Unit Load Method to Beam Deflection

¢ o g 17 | 03' _
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Deflection by Unit Load Method

e This method Is applicable to beam and rigid frame
where only flexural effect is considered.

 |n the analysis, the effect of axial force and shear forces
are neglected.

» The deflection at any poi nt can be find out by:
A Ilyh—ntl\

™~

Where, M = Bending moment at the section due to the external forces

m = Bending moment at the section due to unit loading
E = Modulus of Elasticity
| = Moment of Inertia of the section
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Q1. Determine the deflection at the free end of the over hanging beam shown
In Figure by unit load method.

. -
/\ b
[
| SERSRAENINI Ve NS e vt I wE R we R Ql\-l W WY SN

ot
My ) U ¢ In'_,’

N
Veie- - o0 ") -2 m: 'I

Ry
ll kN
- ot (-

)

v 'li'lx\ gy kN

PUl) o0 e T T ey b | — - (' "' e E T L Y Y P 2 ',' ————— .|

Figure 1. Beam with unit load at ‘C’
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» Find out the reactions due to external forces, taking moment about A

SMy 0, pives
Ruyx6 45 » § x4
Ry » 240 kN
M1 o=, pives

Ry =45 x 8§ 240 == 120 kN
e Find out the reactions, when unit load acting at ‘C’

| X8
Ry = 7 = 1,333 kN

)

Ra=0333kN L

e Taking sagging moment as positive and hogging moment as
negative, find out the expressions for moments in various
portions of the beam due to external loading and unit force
where the deflection is to be determined in a Tabular form.

@ GCEK, Bhawanipatna
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Portion Al . /{6 |
Origin f (&
Limit 06 0 -2
' 1 |
M 1200 — x 45x2 e % 4552
2 ‘ 2
m ‘ ~0.333x ' L
A ) AN SR )

° GCEK, Bhawanipatna

£(120x -22.5¢)(~ 03331 ) e

(- 22.5.t2)(-—x)dr

+

QB,N

J E2l, El,
°-(—20x2 +3.7¢ )dt I 2 o

+ 22.5x°d
! I, El, .! :

1 [ 208 3.75x‘]° 1 [22.5.:‘]:
- + +

El,| 3 4 | TEL| 4

1 [ 20x6° 375x6' 22.5%2°
~ + +
EL 3 4 4

s
El

o
135

, upward
e’ "?
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Q2. Determine the deflection and rotation at the free end of the cantilever
beam shown in Figure by unit load method. Given E = 200000 N/mm? and

| =12 x 106 mm?
lzo kN 20 kN
7 f
j 2o ‘ B Iy
e 2m " 2 m——’

* Find out the deflection and rotation at the free end of the cantilever beam,
apply unit load for deflection and unit moment for rotation at the free end of

the beam as shown in Figure.
l 1 kN

—

DIANNNN
e

Figure 1. Beam with unit vertical load at ‘C’

@ GCEK, Bhawanipatna /




—)

1 kNm

SNONNANN
v}

Figure 2. Beam with unit moment at ‘C’

» The bending moment expressions can be calculated by

e M for external given load, m, for unit vertical load at ‘C’ and m, for unit
moment at ‘C’ for various portion of cantilever beam and tabulated below.

Portion CH BA
Origin C B
Limit 0 -2 0-2
M ~20x [ 20 (2 + x) + 20x ]
m X ~(x + 2)
m, -] ~]
{ I 2L
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Vertical deflection at ‘C’=' A = JMm' dx

_ j‘(—ZOx)(—x) dx+j£20(2+ x)+20x](x+2)
El,

E2I,

~ jzox2 dx+j’(40x+ 40) (x+2)dx
b ) El, 2El,

3 P 3 2 2
[20 x ]+ 1 [40:: , 120x +80x]
3 El, |, 2El,| 3 2 .

- 98338, 1 1he333]

EI,  EI,

306.67

S ————

I

El
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4 2(20x) ,  7(40x +40)1
Rotation at ‘C’= @, = -%—z-“(ﬁ'] )dx +I( Eal ) dx
0 0 o

- El
1 [40x2 :
[ Zx +40x]

0

0

I
O RlL.
=
o | R,
 EEESSE—
=
+
&1

i

i
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/ 20 kN
Q3. Determine the vertical and horizontal < ,*) )
deflection at the free end of the bent <15 m =15 m |

shown in Figure by unit load method. :
rigidity El Yereea el

Assume uniform flexurd
throughout.

| kN

c 3

D E
~+ B
A .
TIISSS

Figure 1: Frame with unit vertical load at ‘E’
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A
C
X »— 1 kN
D E
—+ B
A

Figure 2: Frame with unit horizontal load at ‘E’
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e Find out the expressions in Tabular form for moment ‘M’ due to
external loads, m; due to the unit vertical load present at the free
end (Figure 1) and m, due to the unit horizontal load present at the
free end (Figure 2) of the bent.

Portion ED DC CB BA
Origin E , D C B

Limit 0-15 0-15 0 -2 0-2

M 0 —20x -30 30 -10x
m X -(1.5 +x) -3 -3

m; 0 0 X ~(x+2)
Flexural Rigidity| EJ El El El

Note: Moment carrying tension on dotted side is taken as positive
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Vertical deflection at ‘E’ = Ag,

ElAgy = | Mm, dx

1.5 2 2
0+ [ 20x(1.5+x)dx+ [ 90dx+ [ (90+30x )dx
0 0 0

1.5

:

2 3 1.5 2 2
[30" 4 20x ] +[90x]§+[90x+3°2" J

(30x+ 20x? )dx+f 9de+} (90 + 30x )dx
0 0

2 " 3 !
= 56.25 + 180 + 240
= 47625
47625
Agy = =T
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Horizontal Deflection at ‘E’ = Ag,

ElAgy = | Mm, dx

2 2 '
0+0+ [ 30xdx+ [ (30+10x)( x+2)dx
0 0

[ISxZ]Z +_2[ (10x* +50x-+60) dx
0

10x° x? i
60+ + 50X —+60x
3 2 2

306.67

306.67
El

Apy =
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20 kN/m
Q4. Determine the vertical AALMB

deflections at A and C in the frame —2m—~  f
shown in Figure by unit load i | 2m
method. Take E = 200 GPa, | = ! §
150 x 104 mm?, e PR
3m - C
| kN '

s e

T ———

yDitt .
'3 gl {1 Dbt e e
§ <
Y
Figure 1: Frame with unit vertical lod at ‘4’ - | kN

@ GCEK, Bhawanipatna Figure 2: Frame with unit vertical load at ‘C”
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4 e The bending moment expressions for ‘M’ due to given load, m, due to unit A
vertical load at A and m, dueto unit vertical load at C are Tabul ated below.

Portion AB BC CD
Origin A B C
Limit 0-2 0-2 03
M 1
Ox? 40 40 -130x

m X 2

2 -x
> 0 0

-x
Flexural Rigidity El El ;

E]

Vertical deflection at A=A,

2. 2 3
EIAy = bflOr v+ [ 80d+ [ (40-130x)(2-x)dx
0 0

472
= [lox +[80 ]2 3
e X -
@ GCEK, Bhawanipatna 4 0 ¢ . { (80 300x+l30x2 ﬁt
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3
10(2* ¥ 130x°
) L 80(2) + | Rox - 300 =i

()
= 260

E = 240 GPa =240 x 10? N/m-

I= 150 x 10* mm*= 150 x 10* x 101> m*

=150 x 10 m*
A
i o 28 =729 %00 %
240x10" x150x10™

= (.722 mm
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EIA.

Vertical Deflection at C = A,

I
‘—'w

... 1 ©

£

J- Mm, dx

990

3

_20x +130-

0

(—40x +130x> )dx

3

0

= 2.75 mm

A.- ( -
C™ 240x10% x150%10 ®

3
0+0+ [ (40-130x)(—x)dx
0

=275 x 10° m
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